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Asymptotic methods are employed to determine the leading-order equations that
govern the fluid dynamics of slender, and thin and slender, inviscid, irrotational,
planar liquid sheets subject to pressure differences and gravity. Two flow regimes
have been identified depending on the Weber number, and analytical solutions to
the steady state equations are provided. Linear stability studies indicate that the
sinuous mode corresponds to Weber numbers on the order of unity, while the
varicose mode is associated with small Weber numbers. For small Weber numbers,
the nonlinear stability of liquid sheets is determined analytically in terms of elliptic
integrals of the first and second kinds. It is also shown that the sinuous mode
of thin and slender liquid sheets is identical to the same mode for slender sheets.
 2000 Academic Press
1. INTRODUCTION
Planar liquid sheets have received considerable attention in the past due
to their potential applications in coating processes, where they are em-
 ployed to deposit a thin, uniform film on a moving substrate 1 , passive
containment of reacting gases within the cavity of a chemical laser,
protection systems of the structural walls of laser fusion reactors, atomiza-
 tion and sprays, film casting 2 , etc. Liquid sheets distort and break up
Ž  .under the action of a shearing flow the KelvinHelmholtz instability 3
Ž .and capillary effects the capillary instability . In this paper, slender,
inviscid, irrotational, planar liquid sheets surrounded by passive gases are
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considered; therefore, they are not subject to aerodynamic effects. As a
consequence, this introduction will only review previous work related to
sheets surrounded by passive gases.
 Taylor 4 studied the capillary waves on thin sheets by using potential
flow theory and showed the existence of symmetric or varicose and
antisymmetric or sinuous modes or waves and determined the dispersion
 relations for these modes. Brown 1 studied experimentally vertically
falling, thin viscous liquid sheets, found a modified Torricelli’s free-fall law
that accounts for viscous effects, and determined the minimum liquid flow
rate required to maintain a stable sheet. In an appendix to Brown’s paper
 1 , Taylor derived a second-order, ordinary differential equation whose
solution is in accord with Brown’s experimental findings. The same equa-
 tion was also found by the author 2 in his studies of film casting processes
at low Reynolds numbers, who, in addition, provided several analytical
solutions for different values of the Froude, Reynolds, and capillary
 numbers. Using the equation derived by Taylor, Lin 5 studied the linear
stability of thin viscous liquid sheets and showed that spatially growing
sinuous disturbances whose group velocity points upstream are unstable.
He also showed that the group velocity is in the upstream direction only
1when the Weber number exceeds . Lin’s theory was found in accord with2
 the experimental results of Lin and Roberts 6 who studied the wave
motion created by an obstacle placed in a viscous liquid sheet which falls
steadily between two vertical guide wires.
 More recently, Weinstein et al. 7 developed a time-dependent model
for inviscid, thin liquid sheets subject to pressure differences and gravity
based on the assumptions that the flow is potential and the gases sur-
rounding the liquid are dynamically passive, and obtained some partial
differential equations for the varicose and sinuous modes which were
 found to be uncoupled. De Luca and Costa 8 analyzed vertically falling,
inviscid, thin liquid sheets based on the assumptions that the flow is
potential and the gases surrounding the liquid are dynamically passive,
employed the WKBJ approximation, and derived the dispersion relations
for the varicose and sinuous modes, which are in accord with those derived
 by Taylor 4 for small wave numbers.
In this paper, the fluid dynamics of both slender and thin, slender,
inviscid, irrotational, planar liquid sheets surrounded by dynamically pas-
sive gases and subject to gravity and analyzed by means of asymptotic
methods based on the slenderness ratio, i.e., the ratio of the sheet’s
thickness at the nozzle exit to a characteristic longitudinal distance, and
the thickness ratio, i.e., the ratio of the sheet’s thickness at the nozzle exit
to a characteristic transverse displacement of the liquid sheet; therefore,
the analysis includes both curved and vertically falling liquid sheets, and
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two flow regimes which correspond to different Weber numbers are
identified in Section 2. Analytical solutions to the steady state leading-order
equations found in Section 2 are provided in Section 3, while the linear
stability of these steady state solutions is analyzed in Section 4 where it is
shown that, for Weber numbers on the order of unity, only the sinuous
mode occurs at leading order, whereas, at low Weber numbers, only the
varicose mode occurs at leading order. These results are in agreement with
 those of Lin and Tankin 9 who considered viscous liquid sheets sur-
rounded by inviscid gases, and had to solve the equations numerically; they
 are also found in agreement with the results of Taylor 4 . It must be
pointed out that the stability analysis presented here is performed on the
leading-order equations resulting from the asymptotic solutions, and not
on the original governing equations; as a consequence, both the formula-
tion and the results presented here differ from those reported by Wein-
 stein et al. 7 , who had to assure that the linearization of the equations
was consistent with the magnitude of the terms neglected in the approxi-
mation of the base flow, did not determine the nonlinear stability of thin
liquid sheets, and did not consider thin and slender liquid sheets.
Analytical solutions to the equations governing the nonlinear stability of
slender, planar liquid sheets at small Weber numbers are provided in
terms of elliptic integrals in Section 5. Finally, the asymptotic equations
governing the fluid dynamics of thin and slender, planar liquid sheets are
derived in Section 6, where it is shown that only the sinuous mode is
present and an analytical solution to the equations governing the linear
stability of these sheets is provided.
2. GOVERNING EQUATIONS
Consider a two-dimensional, inviscid, irrotational liquid sheet infinitely
long in the z-direction falling under gravity and emerging from the slot
Ž Ž . . Ž .x 0, h 2  y h 2, z with velocity u ,  , 0 and thickness0 0 0 0
Ž .equal to h , and constant density , as shown in Fig. 1. Let us take the0
x-axis vertically and pointing in the direction of gravity, and the y-axis
directed toward the right, so that the interfaces of the liquid sheet at the
nozzle exit are at yh 2. Due to the pressures of the gases on the left0
Ž .and right of the sheet, its shape would be a curve h x, t ; these pressures
are defined as p and p , respectively. The gases are assumed to bee i
dynamically passive on account of their small density and dynamic viscosity
compared with those of the liquid sheet, and the fluids will be assumed to
be immiscible.
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FIG. 1. Schematic of a planar liquid sheet subject to pressure differences and gravity.
For two-dimensional, inviscid, irrotational liquid sheets, the conservation
equations of mass, linear momentum, and the irrotational condition are
u  
  0, 1Ž .
 x  y
u  u u  p
  u    g , 2Ž .ž / t  x  y  x
       p
  u   , 3Ž .ž / t  x  y  y
u  
  0, 4Ž .
 y  x
where t denotes time, p is the pressure, u and  are the velocity
components along the x- and y-axes, respectively, and g is the gravita-
tional acceleration.
These equations are subject to the kinematic and dynamic conditions at
the sheet’s interfaces
H  H 
  x , H , t   u x , H , t , 5Ž . Ž . Ž .
 t  x
  2H 2p x , H , t  p J  , 6Ž . Ž .Ž .i  2J  x
  2H 2p x , H , t  p J  , 7Ž . Ž .Ž .e  2J  x
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hŽ . Ž . Ž .where H x, t H denotes the right  and left  interfaces, H
2
and h are the transverse displacement and thickness of the liquid sheet at
Ž .x, t , respectively,  is the surface tension, and
2H
2J  1 . 8Ž . ž / x
Ž . Ž . Ž .Equations 9  16 indicate that, in general, the thickness h and
Ž .transverse displacement H are coupled through the kinematic and
dynamic boundary conditions.
Before proceeding with the nondimensionalization of the above equa-
tions, it is convenient to identify the time and length scales of the problem.
Ž .At the nozzle exit, we may identify the sheet’s thickness h  h andr 0
Ž .velocity u , while the axial length of the container shown in Fig. 10
introduces the length scale L. The gravitational pull and the characteristic
velocity at the nozzle exit yield u2g as still another length scale, while0
2surface tension introduces the capillary velocity u  . If u  u , sur-c 0 c
face tension effects are negligible and we have an inertial problem. In
addition, owing to the pressure difference across the liquid sheet, i.e.,
 p p  p , this may be displaced transversally. Moreover, for u  u ,e i 0 c
one expects that the pressure difference across the liquid sheet is some-
Ž 2 .what balanced by surface tension, and this implies that O H L r
Ž 2 . Ž  .O h L O   p , where H denotes a characteristic transverse dis-r r
placement of the liquid sheet. Therefore, the problem is characterized by
the nondimensional length scales h L, h H , and gLu2. If h  L, ther r r 0 r
liquid sheet is slender, thin if h H  1, and gravitational effects can ber r
neglected if gLu2 1. Moreover, if h H  1 and u  u , the pres-0 r r 0 c
sure difference across the liquid sheet is balanced by surface tension and a
capillary regime results.
Ž .In this section, we consider the case where H O h and h  L, i.e.,r r r
slender liquid sheets, where the subscript r denotes reference, and nondi-
mensionalize x and y with respect to L and h , respectively, where Lr
denotes a characteristic length or wavelength in the axial direction. The
axial velocity component is nondimensionalized with respect to u , ther
pressure with respect to u2, t with respect to Lu ,  with respect to  ur r r
where  h L, and H and h with respect to h , so that the nondimen-r r
sional equations can be written as
u  
  0, 9Ž .
 x  y
 u u u 1  p
 u    , 10Ž .
 t  x  y Fr  x
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 p      
2  u  , 11Ž .ž / y  t  x  y
u  
2  , 12Ž .
 y  x
H  H 
  x , H , t   u x , H , t , 13Ž . Ž . Ž .
 t  x
 2  2H
 2p x , H , t  p J  , 14Ž . Ž .Ž .i  2We J  x 
 2  2H
 2p x , H , t  p J  , 15Ž . Ž .Ž .e  2We J  x 
2H
2 2J  1  , 16Ž . ž / x
where the same symbols have been used to denote the dimensionless
variables, We  u2 h  , i 1, 2, denote the Weber number, and r r 
Fr u2gh is the Froude number.r r
Hereon, it will be assumed that      so that We We We,   
and  1. Moreover, in the next paragraphs, we consider two cases:
Ž . Ž 2 .WeO 1 and WeO  .
Ž .Asymptotic Equations for WeO 1
F Ž . Ž .For Fr where FO 1 and WeO 1 , it can be easily shown that

the substitution of the asymptotic expansion
    2 O  4 , 17Ž . Ž .0 2
Ž . Ž . Ž 0.where  denotes u,  , H, and h, into Eqs. 9  16 yields to O 
p x , y , t  B x , t , B x , t  p , B x , t  p , 18Ž . Ž . Ž . Ž . Ž .0 e i
which implies that there cannot be a pressure difference across the sheet
Ž . Ž . Ž . Ž .at leading order. Moreover, u x, y, t  A x, t and  x, y, t  C x, t 0 0
A y, and the kinematic boundary conditions and the axial momentum
 x
equation yield
 b 0  Ab  0, 19Ž . Ž .0 t  x
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H 0
C  AH , 20Ž . Ž .0 t  x
A A 1
 A  , 21Ž .
 t  x F
where b HH h denotes the local thickness of the liquid sheet0 0 0 0
at leading-order.
Ž 2 .In order to determine C, it is necessary to go to O  . At this order,
the transverse momentum equation yields, upon using the leading-order
equations,
2A C C A
2p y  y  A  C D x , t , 22Ž . Ž .2 ž / ž / x  t  x  x
while the normal stress conditions imply
1  2H0p x , H , t  , 23Ž .Ž .2 0 2We  x
1  2H0p x , H , t  , 24Ž .Ž .2 0 2We  x
Ž .and, therefore, using Eq. 22
22 2C C A 1  b b A0 02DH  A  C   H  ,0 02ž / ž /ž / t  x  x 2 We 4  x x
25Ž .
22C C A 2  H A0
b  A  C   2b H . 26Ž .0 0 02ž / ž / t  x  x We  x x
Ž . Ž .Equation 26 together with Eq. 20 provide two equations for C and
H , which correspond to the transverse displacement of the liquid sheet.0
Ž . Ž .Equations 19 and 21 indicate that the thickness problem is decoupled
Ž . Ž .from the displacement one which is governed by Eqs. 20 and 26 at
leading-order; however, the latter depends on the leading-order velocity.
Ž 2 .Asymptotic Equations for WeO 
In the previous paragraphs, the asymptotic analysis was performed for
F 2Ž .WeO 1 . In this section, we consider Fr and We  W with

Ž . Ž .FO 1 and WO 1 . This condition on the Weber number implies that
2 2 Ž 2 .u  u O  ; i.e., inertia effects are small. Therefore, one could nondi-r c
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mensionalize the velocity components with respect to u and set W 1 inc
the equations presented in this section.
Ž . Ž . Ž . Ž 0. Ž .Substitution of Eq. 17 into Eqs. 9  16 yields, at O  , Eq. 20 and
1  2H0
u  A x , t , p  B x , t  p  , 27Ž . Ž . Ž .0 0 i 2W  x
1  2H A0
p  B x , t  p  ,   C x , t  y , 28Ž . Ž . Ž .0 e 02W  x x
2  2H0
p  p  , 29Ž .e i 2W  x
 b 0  Ab  0, 30Ž . Ž .0 t  t
A A 1 1  3H0 A   . 31Ž .3 t  x F W  x
Ž .Equation 29 can be integrated to yield
W p
2H  x  E t xG t , 32Ž . Ž . Ž .0 4
where  p is a function of time on account of the assumption of passive
Ž .gases, G 0 on account of the boundary conditions at x 0, i.e., H 0, t0
Ž . 0, and E t can be determined from the kinematic condition, i.e., Eq.
C 0, tŽ .Ž . Ž .20 , at the nozzle exit as E t  . Moreover, the longitudinal mo-
A 0, tŽ .
Ž . Ž .mentum Eq. 31 at leading-order can be written, using Eq. 29 , as
A A 1 1  3b0 A   , 33Ž .3 t  x F 2W  x
Ž .and the system of equations is closed at leading-order. Moreover, Eqs. 30
Ž .and 33 indicate that the thickness problem is decoupled from the
Ž . Ž .displacement one which is governed by Eqs. 20 and 32 at leading-order.
Ž .  Ž .It is worth noting that Eq. 33 coincides with 2, Eq. 56 when R 




3. ANALYTICAL SOLUTIONS TO STEADY
STATE EQUATIONS
In this section, we consider the analytical solutions to the asymptotic
solutions obtained in the previous section, for steady state flows.
Ž .Analytical Solutions for WeO 1
Ž . Ž . Ž . Ž .For WeO 1 , the solutions to Eqs. 19 , 21 , and 20 are
x d
2Ab  1, A  1 2 , C AH , 34Ž . Ž .0 0F dx
Ž .respectively, which can be used in Eq. 26 to obtain
2 d2H 2 dH0 03 2A  A FA   1 FA H  0. 35Ž . Ž .02 ž /We We dxdx
Ž .Equations 35 can be easily integrated for F , since in this case
A 1, and the result is an exponential function which is not reproduced
Ž .here. If F , Eq. 35 can be written, upon making the Liouville
transformation H UV, as0
22d U We We 2 1
3 A FA   1 U 0, 36Ž .2 ž /ž /2 A 2 We WedA
where
We F 2
3V A  A  ln A A . 37Ž . Ž .ž /4 3 We
Ž .Although an analytical solution to Eq. 36 has not been found, its
2 x 12Ž .  asymptotic behaviour for x 1, i.e., AO , is 10
F
274 We 2
12 74U a 	 C A I AŽ . 1 27 ž /ž /7F F
274 We 2
12 74 C A I A , 38Ž .2 Ž27. ž /ž /7F F
F We
3V A 	 A , 39Ž . Ž .
12
where C and C are constants, I denotes the modified Bessel function of1 2
2 x 12Ž .the first kind, and A can be approximated by .
F
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For 0 x 1, the asymptotic behaviour of U and V for F  is
U	 C exp 	 x  C exp 	 x , 40Ž . Ž . Ž .3 4
We F x 2
V	  1 F  1 , 41Ž .ž /ž /4 3 F We
We We We 12 2Ž Ž . .where C and C are constants and 	  1 F  1 .3 4 2 2 2 We
Ž 2 .Analytical Solutions for WeO 
Ž . Ž . Ž .Equations 30 , 20 , and 32 have the steady state solutions
dH0
Ab  1, C E 0 , 42Ž . Ž .0 dx
Ž . Ž . Ž .where we have taken A 0  b 0  1 and H 0  0.0 0
Ž . Ž .Integration of the steady state Eq. 33 yields
1 d2 b x 10   
 , 43Ž .2 22W Fdx 2b0
Ž .where 
 is an integration constant. Equation 33 can be integrated
analytically if F  because, upon defining Q db dx, one obtains0
dQ 1 2
 b20
Q W , 44Ž .2db b0 0
which, upon a further integration, yields
2db 10  2 2W  2
 b . 45Ž .0ž / ž /dx b0
Ž . Ž 2 .Equation 45 has solutions whenever 2 b  4W 8
Wb 
 0. Let0 0
Ž . Ž 2 .us denote by b and b the real roots of 2 b  4W 8
Wb  0.  0 0
Ž .These roots correspond to the relative extrema of b x and correspond to0
the axial locations x and x , respectively. Therefore, 
12bb0x x  db. 46Ž .H 2ž /2 b 4W 8
Wb
If  2  32
W 2, b  b and 
 must be positive if  0, and this 
Ž 2 . Žmeans that 2 b  4W 8
Wb  0 is concave downward with a dou-0 0
. Ž .ble tangent point at b , and there is no solution to Eq. 45 .
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2 2 Ž .If   32
W , b and b are both real and the solution to Eq. 45 
2  can be readily obtained by defining b  q as 110




 0 and b  b  b , where 0 
12 122 2 2 2q q  q q  qŽ .   
 arcsin ,  , 48Ž .2 2ž /q qq  q  
 and E  ,  denotes the elliptic integral of the second kind, and
1 1
 x x  F  ,  49Ž . 12 q2
WŽ . 
for 
 0 and b 
 b , where0 
122 2q  q q 
 arcsin ,  , 50Ž .2 2ž / qq  q 
 and F  ,  denotes the elliptic integral of the first kind.
Ž . Ž .Equations 47 and 49 provide implicit expressions for q as a function
Ž Ž ..of x. It should be noted that cf. Eq. 47
q 




2 2 Ž .If   32
W , no solution to Eq. 45 exists, whereas, if 
 0, a
solution exists only for  0 and may be written as
1 122x x  q 2q  4WŽ . ž2
4W 1212 2 ln q 2  2q  4W . 52Ž . Ž .Ž .ž /12 /2Ž .
If  0, no solution exists.
Ž .The fact that the solution to Eq. 45 depends in some cases on the
elliptic integrals of the first and second kinds which are periodic does not
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mean that b is a periodic function at all; for this to happen, the value of0
b should be reached at x and this value, in turn, should be smaller than 
or equal to the length of the liquid sheet. However, the solutions obtained
in this section indicate that b varies in a monotonic fashion from b0 
to b .
4. LINEAR STABILITY
In this section, we analyze the linear stability of the steady state
solutions determined in the previous section.
Ž .Linear Stability for WeO 1
Let us denote with a subscript ss the steady state solutions obtained in
the previous section and examine the linear stability of this steady solution
under perturbations. To that end, substitution of
H x , t  H x H  x , t , b x , t  b x  b x , t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 0 0 0 0 0ss ss
53Ž .
A x , t  A x  A x , t , C x , t  C x  C x , t , 54Ž . Ž . Ž . Ž . Ž . Ž . Ž .ss ss
Ž . Ž . Ž .where the primes denote perturbations, into Eqs. 19  21 and 26 and
neglecting the nonlinear terms in perturbations yield a system of homoge-
neous, linear partial differential equations with spatially dependent coeffi-
cients for H  , b , A, and C whose solutions can be obtained either0 0
numerically or analytically if the stability analysis is performed locally, i.e.,
if the coefficients are frozen at their values at a spatial location, x*,
 Ž .  Ž . Ž . Ž .subject to H 0, t  0, b 0, t  0, A 0, t  0, and C 0, t  0. Here,0 0
we consider a special case for which an analytical expression can be
obtained in closed form. This case corresponds to a vertically falling liquid
Ž . Ž . Ž Ž .. Ž .sheet, i.e., H x  0 which implies cf. Eq. 20 that C x  0, and0 ss ss
results, after some algebraic manipulations, in the partial differential
2  1  2  1 H0 H  , 55Ž .0 2ž / ž / t FA A A A AF Wess ss ss ss ss
for F , and
2 2  2  H0 H  , 56Ž .0 2ž / t  x We  x
for F .
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Ž .  Ž .Equation 55 is similar to but different from 7, Eq. 27 since it does
not include the pressure difference in its right-hand side. The differences
Ž .  Ž .between Eq. 55 and 7, Eq. 27 arise from the fact that the linear
stability presented here has been performed on the leading-order equa-
 tions, whereas Weinstein et al. 7 assured that their linearization was
consistent with the terms neglected in their approximate base flow; both
equations have the same homogeneous solution. Moreover, the results
presented in this and the previous sections indicate that the thickness and
transverse displacement problems are decoupled at leading order, and
 Weinstein et al. 7 found out that the varicose and sinuous modes are
decoupled in their linear stability studies.
Ž . Ž .Both Eq. 55 and Eq. 56 are hyperbolic and have travelling-wave
Ž .solutions. In particular, Eq. 56 can be written upon introducing the
Ž . Ž .mapping x, t  z t x,  t as
 2H  2  2H 0 0 , 57Ž .2 2We  z
 Ž . Ž Ž .. 2and the substitution of H z,    exp i kz  , where i 1 and0
Ž . is constant, into Eq. 56 yields the dispersion relation
122
k , 58Ž .ž /We
 which coincides with that derived in 4 for the sinuous mode of thin sheets
in the capillary regime and indicates that the liquid sheet is linearly stable,
the waves are not dispersive, and H  oscillates in both space and time.0
Ž .This means that the perturbed displacement of the liquid sheet is
sinusoidal, and this corresponds to the sinuous mode. Moreover, the
Ž .dispersion relation corresponding to the x, t coordinates is  k
2 12Ž .k and shows that the waves associated with the minus sign in the
We
above equation have zero frequency and zero phase and group velocities if
We 2. An analytical solution to the linear stability of the thickness
problem is provided in Section 6.
Ž 2 .Linear Stability for WeO 
Let us examine the linear stability of the steady state solution obtained
Ž 2 .in the previous section for WeO  and F . Substitution of Eqs.
Ž . Ž . Ž . Ž .53 and 54 into Eqs. 29  31 and neglecting the nonlinear terms in
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perturbations yield
 2H  W0   p  p , 59Ž . Ž .i e2 2 x
 b A  b0 0   0, 60Ž .
 t  x  x
A A 1  3b0  , 61Ž .3 t  x 2W  x
where p and p denote the time-dependent pressure perturbations on thei e
gases surrounding the liquid.
Ž . Ž .Equations 60 and 61 can be combined and written as
 2 b 1  4 b0 0  0, 62Ž .2 42W  z
where  t and z x t; i.e., a moving reference frame at constant
speed equal to that of the axial velocity component at the nozzle exit has
 been used. This equation coincides with that derived by Taylor 4 for the
varicose mode of thin sheets in the capillary regime and arises frequently
  Ž . Ž .in solid mechanics 12 . Note that Eqs. 53 and 54 also have to be
Ž .substituted into Eq. 20 to obtain the corresponding equation for C. This
is not done here.
 Ž . Ž Ž .. 2Substitution of b x,    exp i kx  , where i 1 and  is0
Ž .constant, into Eq. 62 yields the dispersion relation
k 2
 , 63Ž .122WŽ .
which indicates that these waves are dispersive, and their frequency
decreases as the wavelength increases. The flow is linearly stable.
5. NONLINEAR STABILITY OF THE SOLUTION
FOR SMALL WEBER NUMBERS
It turns out that the nonlinear stability of the steady or base state
Ž 2 .determined in Section 3 for WeO  can be performed analytically as
Ž . Ž . Ž . Ž .shown in this section. Substitution of Eqs. 53 and 54 into Eqs. 29  31
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yields
 2H  W0   p  p , 64Ž . Ž .i e2 2 x
 u u  b 0 0 0     u b  0, 65Ž . Ž .0 0 t  x  x  x
 u u u 1  3b0 0 0 0  u  . 66Ž .0 3 t  x  x 4W  x
The presence of the third-order spatial derivative reminds us of the
Kortewegde Vries equation; we, therefore, look for travelling wave solu-
tions where  V z where z and  have been defined in the previous
section, and V denotes the travelling wave’s speed. Introducing  into Eqs.
Ž . Ž .65 and 66 , one can obtain
db du d0 0  V   u b  0, 67Ž . Ž .0 0d d d
du du 1 d3b0 0 0V  u  . 68Ž .0 3d d 4W d
Ž .Integration of Eq. 67 yields
Vb  	0u   , 69Ž . Ž .0 1 b0
Ž . Ž .where 	 is an integration constant. Substitution of Eq. 69 into Eq. 68
and integration of the resulting equation results in
2 21 V 	 1 d b Ž . 0   , 70Ž .2 22 4W 2d1 bŽ .0
which can be multiplied by dbd and the result integrated to yield0
2 21 V 	 1 db  
Ž . 0   b  , 71Ž . 0ž /2 1 b 8W d 2 20
where  and 
 are integration constants.
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 Ž .By defining b 1 b , the solution of Eq. 71 can be written as0
12b12
 2 W  db, 72Ž . Ž .H 22ž / b  
  b V 	Ž . Ž .
where  is an integration constant.
Let us denote by b and b the roots of the second-degree polynomial 
Ž .which appears in the integrand of Eq. 72 . These values correspond to
Ž .  Ž .relative extrema of b  or b  .0
Ž . Ž .2 Ž .2 ŽEquation 72 has no solution if 
   4 V 	  0. If 

 
2 2. Ž .  4 V 	  0, then b  b  provided that  0, and, in  2
this case, no solution exists if  0, and the solution for  0 is
2 q q q 12
 2 W  q ln , 73Ž . Ž .12 ž /2 q q 
2 Ž .2 Ž .2where q b . Furthermore, if 
   4 V 	  0 and  
 ,0
then b  b  0 and either  0 or V	 . In the first case, i.e., for 
 0, 
 0 and no solution exists, whereas, in the second one, the
solution exists only for  0 and can be written as
212
 2 W  q , 74Ž . Ž .12
which indicates that b 0 as x  for the minus sign.
Ž .2 Ž .2If 
   4 V 	  0, b and b are real, and, for  0, the 
Ž .solution to Eq. 72 can be written as
2 112
 2 W  F  ,  , 75Ž . Ž . Ž .12 q 
where q b2, q q  q  0, 
122 2q  q q 
 arcsin ,  , 76Ž .2 2ž / qq  q 
Ž .whereas, for  0, the solution to Eq. 72 can be written as
2 1 1212 2 2 2 2 2 W  q E  ,   q  q q  q ,Ž . Ž . Ž . Ž .Ž .  12 ž /q 
77Ž .
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where q  q q  0, 
12 122 2 2 2q q  q q  qŽ .   
 arcsin ,  78Ž .2 2ž /q qq  q  
Ž . Ž . Ž .If  0, Eq. 72 has no solution. Note that Eqs. 53 and 54 have also
Ž .to be substituted into Eq. 20 to obtain the corresponding equation for
C. This is not done here.
The fact that the nonlinear stability analysis presented in this section
yields analytical solutions in terms of elliptic integrals of the first and
 Ž .second kinds indicates that b  is a periodic function and, since a0
moving coordinate system was employed, this periodicity corresponds to
the varicose or symmetric mode of the planar liquid sheet; i.e., the
nonlinear response of the liquid sheet in a moving reference frame is
characterized by periodic oscillations of the thickness. Moreover, as shown
above, the thickness problem is decoupled from the transverse displace-
  Ž .ment one. u can be determined from b by means of Eq. 69 .0 0
Ž .The solution of Eq. 64 requires the determination of the pressure
disturbances in the gases that surround the liquid sheet. Consistency with
the assumption that these gases are dynamically passive implies that these
gases behave polytropically with a polytropic exponent equal to k, i.e.,
p V k  C , p V k  C , 79Ž .i i i e e e
Žwhere C and C are constants and V and V denote the volumes per uniti e i e
.depth of the gases on the right and left of the liquid sheet.
Substitution of
p  p  p , p  p  p , 80Ž . Ž . Ž .i i i e e ess ss
Ž .into Eq. 80 and linearization of the resulting equation yields
p pŽ . Ž .i ess ss   p k  , p k  , 81Ž .i i e eV VŽ . Ž .i ess ss
where
L L     H dx ,   H dx , 82Ž .H He 0 i 0
0 0
hwhere L is the container’s height and H H . Therefore, substitu-
2
Ž . Ž . tion of Eq. 82 into Eq. 59 indicates that H is governed by an0
integrodifferential equation; however, as indicated previously, the thick-
ness problem or the varicose mode is uncoupled from the transverse
displacement or sinuous mode at leading-order.
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6. THIN AND SLENDER LIQUID SHEETS
In this section, we consider thin and slender liquid sheets which are
characterized by h   2H ; i.e., their thickness is smaller than theirr r
tranverse displacement. This condition is not satisfied at the nozzle exit
Ž .where H 0, t  0 and h  0; therefore, the asymptotic solutions ob-r
tained here are not valid near the nozzle. In this case, y and H are
nondimensionalized with respect to H rather than with respect to h , h isr r
nondimensionalized with respect to h , and the resulting nondimensionalr
Ž . Ž .equations are identical to Eqs. 9  16 except that h is to be replaced byr
H in the definitions of the Froude and Weber numbers.r
Ž .For thin and slender liquid sheets, Eq. 17 applies to u,  , p, and H,
whereas
h x , t   2 h O  4 . 83Ž . Ž . Ž .2
F2 Ž . Ž .For We  W and Fr , where WO 1 and FO 1 , substitu-

Ž . Ž . Ž . Ž .tion of Eqs. 17 and 83 into Eqs. 9  16 yields, at leading-order, Eq.
Ž .20 and
1  2H0
u  A x , t , p  B x , t  p  , 84Ž . Ž . Ž .0 0 i 2W  x
1  2H A0
p  B x , t  p  ,   C x , t  y , 85Ž . Ž . Ž .0 e 02W  x x
2  2H0
p  p  , 86Ž .e i 2W  x
h 2  Ah  0, 87Ž . Ž .2 t  x
A A 1
 A  . 88Ž .
 t  x F
Ž . Ž .The solution of Eq. 86 is exactly the same as Eq. 32 , i.e., the midline
Ž . Ž .of the thin and slender liquid sheet is a parabola, while Eqs. 87 and 88
indicate that no surface tension effects affect the leading-order thickness.
Ž . Ž . Ž .The steady solution of Eq. 88 is Eq. 34 middle ; i.e., the liquid sheet
falls according to Torricelli’s free-law formula, while describing a parabolic
Ž . Ž . Ž . Ž .trajectory given by Eq. 32 . Moreover, Eqs. 20 and 86  88 indicate
that the liquid sheet’s thickness and transverse displacement problems are
Ž .decoupled at leading order; the thickness problem corresponds to Eqs. 87
Ž .and 88 , whereas the transverse displacement one corresponds to Eqs.
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Ž . Ž . Ž . Ž .20 and 86 . Furthermore, since Eq. 86 is identical to Eq. 29 , the
analytical solution and linear stability results for the displacement problem
of slender liquid sheets obtained in previous sections are valid for thin and
slender sheets; i.e., thin and slender liquid sheets are characterized by a
linearly stable sinuous mode at leading-order.
Substitution of
A x , t  A x  a x , t ,Ž . Ž . Ž .ss
89Ž . h x , t H x , t H  h x  b x , t ,Ž . Ž . Ž . Ž . Ž .2 2 ss
Ž . Ž . Ž Ž ..where A is given by Eq. 34 and A h  1 cf. Eq. 87 , into Eqs.ss ss 2 ss
Ž . Ž .87 and 88 and neglecting the nonlinear terms in perturbations result in
the system of linear, first-order, partial differential equations for F 
 a 1 a a
  , 90Ž .
 t F A FAss ss
 b 1  b a b 1  a
    , 91Ž .3 2 t F A FA AFA FAss ss ssss ss
whose solutions are
1
a f  92Ž . Ž .
Ass
1 1 1
b g   f   f    f  , 93Ž . Ž . Ž . Ž . Ž .2 3FA A 2 FAss ss ss
where  t FA and the prime denotes differentiation.ss
Ž .  Ž . Ž .Equation 91 differs from 7, Eq. 25b since it is coupled to Eq. 90 ,
whereas the perturbed thickness problem in the linear analysis of Wein-
 stein et al. 7 is decoupled from velocity perturbations. It is interesting to
 Ž . Ž .point out that 7, Eq. 25b can be obtained from Eq. 91 by setting to
zero the first and third terms in the right-hand side of this equation. The
Ž .  Ž .differences between Eq. 91 and 7, Eq. 25b arise from the fact that the
linear stability presented here has been performed on the leading-order
 equations, whereas Weinstein et al. 7 performed their linearization so as
to be consistent with the terms neglected in their approximate base flow.
7. CONCLUSIONS
Asymptotic methods based on the slenderness and thickness ratios have
been employed to derive the leading-order equations which govern the
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fluid dynamics of slender, inviscid, irrotational, planar liquid sheets subject
to pressure differences and gravity. It has been shown that, for slender
sheets, two flow regimes corresponding to Weber numbers on the order of
or much smaller than unity are possible, and analytical solutions to the
steady equations governing these flow regimes have been obtained. For
Weber numbers on the order of one, the steady state longitudinal velocity
of slender liquid sheets follows Torricelli’s free-fall law, the flow is linearly
stable, and only a stable sinuous mode is observed at leading order. At
small Weber numbers, the steady state thickness of slender liquid sheets is
given by elliptic integrals, the flow is linearly stable, and the linear waves
of the linear stability analysis are dispersive; one of these waves has zero
frequency and zero phase velocity for both zero wave numbers and a wave
number equal to the square root of twice the Weber number, and zero
group velocity for a wave number equal to one-half the square root of
twice the Weber number.
It has also been shown that the varicose and sinuous modes of slender
liquid sheets are decoupled at leading order; the varicose mode is observed
at small Weber numbers, whereas the sinuous one is found at Weber
numbers on the order of unity. These findings are in accord with those of
 Li and Tankin 9 who studied the temporal stability of a moving thin
viscous liquid sheet in an inviscid gas medium and showed that axisymmet-
ric disturbances control the instability process at low Weber numbers,
while antisymmetric ones dominate at large Weber numbers.
The leading-order fluid dynamics equations of thin and slender liquid
sheets at low Weber numbers indicate that the thickness and transverse
displacement problems are decoupled at leading order, the steady state
longitudinal velocity component is that of Torricelli’s free-fall law, only the
sinuous mode appears at leading order, and the thickness problem is
governed by exactly the same equations as that for slender liquid sheets at
Weber numbers on the order of unity. The linear stability of the thickness
problem indicates that perturbations on the sheet’s thickness at a given
axial location propagate along characteristic directions.
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